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Turan's Triangle Theorem and Binary Matroids 
JoN LEE 
A special case of a theorem of Tur{m is that a graph on v vertices, with no loops, parallel edges, 
or triangles, has no more than Lv/2J lv/21 edges. This bound is achieved by a graph, G, if and only 
if G ~ Rt.v!ZJrv/Zl· In this paper, Tur{m's result is generalized to classes of binary matroids. 
1. INTRODUCTION 
Some familiarity with matroid theory is assumed; for an introduction, see [7]. To set 
notation, M = (E, ct') denotes a matroid on ground set E and having circuit set ct'. The rank 
function of M is denoted by rM( ·),or, when unambiguous, r( ·).The rank of M is simply 
rM(E). The dual of M is denoted M*. The matroid M is representable over a field§'" if there 
is a matrix over §'" having E as its column set and ct' as its set of minimally linearly 
dependent columns. A matroid is binary if it can be represented over GF[2]. A theorem of 
Tutte [5] asserts that a matroid is binary if and only if it has no minor isomorphic to Ui 
(a rank 2 uniform matroid on 4 elements). A matroid is regular if it can be represented over 
every field. Tutte has also shown that a matroid is regular if and only if it is binary and has 
no minor isomorphic to the Fano matroid, F, or its dual, F*. A GF[2] representation ofF 
is 
[
I 0 0 0 I 
0 I 0 I 0 
0 0 I 0 
(1.1) 
A theorem of Heller [I] asserts that if M = (E, ct') is a rank r, regular matroid with no 
circuits having fewer than 3 elements, then lEI ~ f(r) = r(r + 1)/2. Heller demonstrates 
that this bound is sharp and is achieved by M if and only if M is the circuit matroid of a 
complete graph on r + I vertices. In [2], U. S. R. Murty established the following extension 
of Heller's theorem. 
PRoPOSITION 1.1. Let M = (E, ct') be a rank r, binary matroid with no minor isomorphic 
to F.lfiCI ?: 3 V C E ct' then lEI ~ f(r). Moreover, ifiEI = f(r) then Mis isomorphic to 
the circuit matroid of K,+ 1 • 
The matroids Ui and F have no circuits with fewer than 3 elements, and both matroids 
violate Heller's bound. Moreover, these two matroids are minor-minimal with respect to 
this property. Therefore, the class of binary matroids that have no minor isomorphic to F 
constitutes the largest minor-closed class of matroids for which Heller's bound holds. 
The above results generalize the simple fact that a sharp upper bound on the number 
of edges of a v-vertex graph, having no loops or parallel edges, isf(v - 1). It is natural 
to consider matroidal generalizations of the fact that a sharp upper bound on the number 
of edges of a v-vertex graph having no loops, parallel edges, or triangles is Lv/2J lv/2l = 
g(v - 1). This upper bound is achieved by a graph if and only if it is a complete bipartite 
graph in which the two parts are as equal in size as is possible. This bound is a special case 
of a classical theorem, in extremal graph theory, ofTuran [4]. Turan's theorem asserts that 
85 
0195-6698/89/010085+06 $02.00/0 © I 989 Academic Press Limited 
86 J. Lee 
the maximum number of edges of a v-vertex graph having no loops, parallel edges, or 
m-vertex cliques is achieved (only) by a complete (m - I)-partite graph in which the 
parts are as equal in size as is possible. The main result of this paper establishes that if 
M = (E, ~)is a rank r, binary matroid with no minor isomorphic to either F* or R 10 , and 
M has no circuit having fewer than 4 elements, then lEI ~ g(r). Moreover, if lEI = g(r), 
then M is isomorphic to the circuit matroid of Kur+ l)/lJ.f<r+ lli21 . A GF[2] representation of the 
regular matroid R 10 is 
0 0 0 0 0 0 
0 
0 0 
0 0 0 
0 0 
0 0 0 0 0 
0 0 0 0 0 0 
0 0 
0 0 
0 
(1.2) 
The matroids F* and R 10 have no circuits with fewer than 4 elements, and both matroids 
violate the bound of the result. Moreover, these two matroids are minimal with respect to 
this property. Therefore, the class of binary matroids that have no minor isomorphic to 
either F* or R 10 is the largest minor-closed class of binary matroids for which the bound 
of the result holds. 
Some isomorphically distinct examples of non-binary matroids that have no circuits with 
fewer than 4 elements and minimally violate the bound of the result are: 
a rank 3 uniform matroid on 5 elements, (1.3) 
and the rank 4 variants ofF* having the GF[3] representations: 
0 0 0 
0 0 0 0 
0 0 0 0 
(1.4) 
0 0 0 0 
0 0 0 
0 0 0 0 2 
0 0 0 0 
(1.5) 
0 0 0 0 
and 
0 0 0 2 
0 0 0 0 
0 0 0 0 
(1.6) 
0 0 0 0 
In a sense, the exclusion of minors isomorphic to R 10 is merely one of aesthetics. It 
will be shown that the generalization of Turan's theorem still holds for almost all 
binary matroids that have no minors isomorphic to F*; the exception being R 10 and its 
isomorphs. 
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2. SEPARABILITY AND SPLITTERS 
This section contains results of Seymour [3] concerning connectivity for classes of binary 
matroids. 
The connectivity ofmatroids was first studied by Tutte [6]. Let M = (E, ~)be a matroid 
with rank function r( ·).A partitionS U T = Eisa k-separation if lSI ~ k, ITI ~ k, and 
r(S) + r(T) ~ r(E) + k - I. (2.1) 
A k-separation is exact if equality holds in (2.1 ). It is helpful to recall that r( • ) is 
submodular. Hence, every !-separation is exact. The matroid M is k-connected if it has no 
k'-separation for any k' < k. 
The regular matroid R12 has the GF[2] representation 
0 0 0 0 0 0 
0 0 0 0 
0 0 0 0 0 0 
0 0 
0 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 
0 
0 0 
0 
0 
0 
0 
0 
(2.2) 
LEMMA 2.1 (Seymour). If M is 3-connected and regular, but neither graphic nor cographic, 
then M has a minor isomorphic to either R 10 or R 12 • 
LEMMA 2.2 (Seymour). If M is regular and has a minor isomorphic to R 12 , then M has an 
exact 3-separation, S U T, with lSI ~ 6 and ITI ~ 6. 
Seymour proves Lemma 2.2 by demonstrating that such an M has an exact 3-separation, 
S U T, with S (respectively, T) containing the elements corresponding to the first (last) 6 
columns of (2.2). As the first (and, in fact, the second) 3 columns of (2.2) are linearly 
dependent, it is easy to deduce the following: 
LEMMA 2.3. If M is regular, has no circuits of cardinality 3, and has a minor isomorphic 
to R 12 , then M has an exact 3-separation, S U T, with r(S) ~ 5 and r(T) ~ 4. 
Let .A be a class of matroids that is closed under minors. A matroid N E .A is a splitter 
[3] for .A if every M E .A with a minor isomorphic to N has a I- or 2-separation unless 
M~ N. 
LEMMA 2.4 (Seymour). The matroid F is a splitter for the class of binary matroids that 
have no minor isomorphic to F*. 
LEMMA 2.5 (Seymour). The matroid R 10 is a splitter for the class of regular matroids. 
3. THE EASY LEMMAS 
LEMMA 3.1. 
g(x + y - (k - I)) = g(x) + g(y) 
xy- (x + y)(k- I)+ (k- 1)(k- 2)/2 + l(x + y- (k- l))/2l-lx/2l-l y/2l 
+ 2 . 
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In particular, fork = I, 2, 3: 
g(x + y- (k- 1)) = g(x) + g(y) + lxy- (x +2y)(k- I) J 
Let G = (V, E) be a graph having K components. The rank, r, of the cocircuit matroid 
of G is given by 
r = lEI - lVI + K. (3.1) 
LEMMA 3.2. If M = (E, ~C) is cographic but not graphic, and M has no circuits of 
cardinality less than 4, then lEI < g(rM(E)). 
PROOF. The proof is by contradiction. Suppose that M is a rank r counterexample. Let 
G = ( V, E) be a graph having Mas its cocircuit matroid. As M is non-graphic, G must have 
a K3•3 or K 5 (graph) minor. Therefore, I VI ?: 5. The cocircuit matroid of K 33 has rank 4, 
but it has circuits of cardinality 3. Hence, if M has a K3•3 minor, its rank must be at least 
5. The cocircuit matroid of K5 has rank 6. In either case, r ?: 5. It may be assumed that G 
has no loops, as g(r + I) - g(r) ?: 3 for r ?: 5, and deleting a loop decreases both rand 
IE I by I. It may further be assumed that G has no isolated vertices as this does not bear on 
r nor lEI. Since M has no circuits of cardinality less than 3, the degree of every vertex of 
G is at least 4. Hence, 
lEI ?: 41VI/2. 
Combining (3.1) and (3.2), it follows that 
lEI ~ r + IEI/2 - K. 
Hence, 
IE I ~ 2(r - K) ~ 2(r - I). 
The result follows since 2(r - I) < g(r) for r ?: 5. 
(3.2) 
(3.3) 
(3.4) 
0 
Admittedly, the appeal to the Kuratowski/Wagner theorem in the proof of Lemma 3.2 
was rather heavy-handed. Its only use was to swiftly eliminate some low-rank matroids 
from consideration. 
4. THE RESULTS 
PROPOSITION 4.1. Let M = (E, ~C) be a rank r, binary matroid with no minor isomorphic 
to either F* or R 10 • /fiCI ?: 4 V C E IC then lEI ~ g(r). Moreover, ifiEI = g(r) then M is 
isomorphic to the circuit matroid of Ri<r+ I)/2J.r(r+ l)/21. 
PROOF. The two parts of the result will be demonstrated together. The proof is by 
induction on r. The result is trivial for 0 ~ r ~ 3 and easily checked for r = 4. Let 
M = (E, ~C) be a matroid, with rank function r( • ), satisfying the hypotheses of the 
proposition and having r(E) ?: 5. Suppose that the result holds for all matroids satisfying 
the hypotheses of the proposition and having rank less than r(E). Three cases will be 
examined. 
Case 1. M has a !-separation, S U T. 
lEI ~ g(r(S)) + g(r(T)) (by the inductive hypothesis) 
= g(r(S) + r(T)) - Lr(S)r(T)j2j (by Lemma 3.1) 
< g(r(S) + r(T)) (since r(S), r(T) ?: 1 and r(S) + r(T) ?: 5) 
= g(r(E)) (since every !-separation is exact). 
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Therefore, if M has a !-separation, the bound holds strictly (assuming r(E) ~ 5). 
Case 2. M has a 2-separation, S l:) T. 
lEI ~ g(r(S)) + g(r(T)) (by the inductive hypothesis) 
= g(r(S) + r(T) - 1) - L(r(S)r(T) - r(S) - r(T))/2J (by Lemma 3.1). (4.1) 
If the 2-separation is inexact, then r(S) + r(T) = r(E). In this event, (4.1) is no greater 
than 
(since r(S), r(T) ~ 2) g(r(S) + r(T) - 1) 
= g(r(E) - I) 
< g(r(E)) 
(since the 2-separation is inexact) 
(since g( • ) is strictly increasing). 
If, instead, the 2-separation is exact, then r(S) + r(T) = r(E) + I. In this event, (4.1) is 
no greater than 
g(r(S) + r(T) - I) - I 
= g(r(E)) - I 
(since r(S), r(T) ~ 2 and r(S) + r(T) ~ 6) 
(since the 2-separation is exact). 
In either event, if M has a 2-separation, the bound holds strictly (assuming r(E) ~ 5). 
Case 3. M is 3-connected. Suppose that M has a minor isomorphic to F. By Lemma 2.4, 
M ~ F. This contradicts the hypothesis that ICI ~ 4 V C E ((}.Hence, it may be assumed 
that M has no minor isomorphic to F. Tutte's characterization of the regular matroids 
implies that M is regular. If M is graphic, the conclusion of the proposition holds by 
Turan's theorem. If M is cographic, but not graphic, the conclusion holds by Lemma 3.2. 
Hence, it may be assumed that M is neither graphic nor cographic. Lemma 2.1 indicates 
that M has a minor isomorphic to R 12 • Lemma 2.3 dictates that M has an exact 3-separation, 
S l:) T, with r(S) ~ 5 and r(T) ~ 4. Therefore, 
lEI ~ g(r(S)) + g(r(T)) (by the inductive hypothesis) 
=g(r(S) + r(T) - 2) - L(r(S)r(T) - 2r(S) - 2r(T))/2J (by Lemma 3.1) 
< g(r(S) + r(T) - 2) (since r(S) ~ 5, r(T) ~ 4) 
= g(r(E)) (since the 3-separation is exact). 
Therefore, if M is 3-connected then it is either graphic or the bound holds strictly (assuming 
r(E) ~ 5). 
The proposition follows. D 
The exclusion of R 10 as a minor was used only in the application of Lemma 2.1. The 
following result illustrates that R 10 is not nearly as insidious as Proposition 4.1 might 
suggest. 
PROPOSITION 4.2. Let M = (E, ((})be a rank r, binary matroid with no minor isomorphic 
to F*. /fiCI ~ 4 V C E ((}then lEI ~ g(r), unless M ~ R 10 • Moreover, if lEI = g(r) then 
M is isomorphic to the circuit matroid of KL<r+ ll/ZJ.r<r+ I)/Zl· 
PROOF The proof only differs from that of Proposition 4.1 at the point where 
Lemma 2.1 is applied. In the present situation, the application of Lemma 2.1 leaves the 
unexamined alternative that M has a minor isomorphic to R 10 • Lemma 2.5 indicates that 
M ~ R 10 • D 
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COROLLARY 4.3. Let A be a rank r totally unimodular matrix having no null columns. If 
whenever x is a column of A, - x is not a column of A, and whenever x andy are columns 
of A, none of x + y, x - y, - x + y, and - x - y are columns of A, then A has at most 
g(r) distinct columns, unless r = 5, in which case A has at most IO distinct columns. 
PROOF. This follows from the connection between regular matroids and totally 
unimodular matrices established by Tutte [5]. D 
The proof of Proposition 4.1 does not depend, critically, on the exclusion ofF* either. 
PRoPOSITION 4.4 Let M = (E, '6') be a rank r, binary matroid with no minor isomorphic 
to F. If ICI ): 4 V C E '6' then lEI ~ g(r), unless M ~ R 10 or M ~ F*. Moreover, if 
lEI = g(r) then M is isomorphic to the circuit matroid of Ki.<r+IJ/2J.r(r+IJ/21 • 
PRooF. The same proof technique works since the dual of Lemma 2.4 holds; that is, F* 
is a splitter for the class of binary matroids with no minor isomorphic to F. D 
5. OPEN PROBLEMS 
PROBLEM 5.1. Determine the largest class of (not necessarily binary) matroids that is 
closed under minors for which every member, M = (E, '6'), having IC I ~ 4 V C E '6', 
satisfies lEI ~ g(rM(E)). 
A proof, along the lines of the proof of Proposition 4.1, can be constructed for 
Proposition 1.1. However, Proposition 1.1 can also be established, by induction on r, 
without appealing to Seymour's relatively difficult results. This observation indicates the 
plausibility of resolving the following. 
PROBLEM 5.2. Give a proof of Proposition 4.1 that does not rely on connectivity 
properties of classes of binary matroids. 
A resolution of Problem 5.2 may provide the insight needed to resolve Problem 5.1. 
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